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Abstract
Let T be a finite tree and dT the maximal (branching) degree of its vertices. Let ρT be the
spectral radius of a Coxeter transformation defined by T. Then
ρT < 4dT − 6.
This is a substantial improvement of an existing quadratic bound d2
T
− 2. Furthermore, ρT >
dT − 2110 for dT > 5. The upper bound is derived from an upper bound for the spectral radius
of the adjacency matrix of T. In fact, our method can be used to establish a more efficient
upper bound for the spectral radii of Coxeter transformations defined by particular graphs, as
well as to establish a general upper bound in the case of arbitrary valued trees replacing the
degree dT by a valued degree d¯T .
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1. Preliminaries
Coxeter transformations play an important role in a number of branches of math-
ematics such as the Lie theory or the representation theory of associative algebras
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(see e.g. [2,4–6,10] or [11]). They are defined in terms of underlying graphs. One
of the important invariants of these transformations is their spectral radius which
is known to be, for all graphs which are not of Dynkin (finite ) type, their largest
(positive real) eigenvalue. It is well known that Euclidean (extended Dynkin) graphs
are characterized by the fact that this value is 1. Acknowledging the fact that the
spectral radius of a valued tree depends essentially on the (branching) degree, while
showing only marginal relevance to the width (diameter) of the tree, we define a
process of modification of valued trees which allows, using the Perron–Frobenius
theory, to derive an upper bound which is linear in its degree (Theorem 2.2). This is
a substantial improvement of the quadratic bound in [10]. In fact, our method allows
us to deal with arbitrary valued trees by applying Lemma 2.1 back and forward
(Remark 2.3). Moreover, in particular situations, the method can be used to derive
sharper bounds (Theorem 2.6). Also, using results of [9], we provide, in Theorem
2.4, a lower bound for the spectral radius of a Coxeter transformation defined by a
valued tree which is neither Dynkin nor Euclidean.
In the last section, we provide a few numerical data to demonstrate the efficiency
of the bounds, and give an example illustrating the typical use of our method in a
particular situation.
By a graph, we shall understand a finite (usually ordered) set V = {1, 2, . . . , n}
of vertices together with a set E ⊆ {{i, j} | i, j ∈ V} of edges; the edge {i, j} ∈ E
will be graphically denoted by i• j•. A sequence π(i1, il+1) = (i1, i2, . . . , il+1),
l  1, of vertices is called a path (of length l) from i1 to il+1 if {it , it+1} ∈ E for all
1  t  l. Let us point out that the set of all paths of the graph  is partially ordered,
and thus we may speak about subpaths of a given path.
In the present paper we shall be concerned mainly with the trees, i.e. graphs T
such that, for each i, j ∈ VT there is at most one path from i to j; thus, in particular, a
tree has no loops (i.e. no edges {i, i}). Moreover, we shall usually assume that T is
connected, i.e. for any two vertices i, j ∈ VT , there is a path from i to j. Let us denote by
wT the width (or diameter) of the tree T, i.e. the length of the longest path in T . For
each k ∈ VT , denote by E(k) the set of all edges containing the vertex k, i.e.
E(k) = {{i, j} | {i, j} ∈ E and i = k or j = k}.
The degree d(k) of the vertex k is cardinality of E(k); furthermore, dT = maxk d(k)
is the degree of T. A vertex k is said to be a branching vertex if d(k)  3; it is said to
be an end vertex (sometimes called a leaf) if d(k) = 1. A (connected) tree T is said
to be linear if T has just two end points (i.e. no branching vertices). A (connected)
tree is said to be a star if it is linear or has a unique branching vertex.
Our approach requires to deal with the valued graphs (, v), i.e. graphs  together
with a valuation v defined as follows (cf. [4]): For each vertex k (1  k  n) there
is a positive integer fk and for each edge i• j• , there are two positive integers
vij and vji : i• (vij ,vji ) j• such that vij fj = vjifi for all i, j ∈ V. Thus, any graph  can
be considered as a valued graph (, v) with the trivial valuation vij = vji = 1 and
fi = 1 for all edges i• j• and vertices i. In case the graph is a tree T, we speak
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about a valued tree (T , v). All the above notions (such as width, degree, etc.) can
be easily extended to the valued graphs. In particular, we shall refer to [9] for the
concept of a wild valued star which is neither of Dynkin nor of Euclidean type.
Given a valued tree (T , v), its adjacency matrix A(T,v) = (aij ) is defined by aij =
vij for every edge i• j• and aij = 0 otherwise. Let us remark that the adjacency
matrix A depends on the order of vertices (and thus is determined up to a conju-
gate). If the adjacency matrix A is symmetrizable, i.e. denoting by D the diagonal
matrix with the diagonal entries fi (1  i  n), AD is a symmetric matrix. Denote
by χ(T ,v) the characteristic polynomial and by Spec(T , v) the set of all eigenvalues
(the spectrum) of the adjacency matrix A(T,v). Furthermore, denote by λ(T ,v) the
spectral radius of A(T,v), i.e.
λ(T ,v) = max
{|λ|: λ ∈ Spec(T , v)}.
Again, given a valued tree (T , v), we may choose an order (1, 2, . . . , n) of ver-
tices (which is equivalent to choosing an admissible orientation of the tree (T , v) as
defined in [4]) and define the Coxeter transformation C = C(T ,v) : Cn → Cn (with
respect to this order of vertices!) as a compositionC = σ1σ2 · · · σn of the involutions
σi : Cn → Cn defined for 1  i  n by σi(x) = y, where yi = −xi +∑j vjixj
and yj = xj for j /= i, where 1  j  n.
It is well known that for a valued tree (T , v), the Coxeter polynomial χ
(
C(T ,v)
)
,
i.e. the characteristic polynomial of C(T ,v) defined above, does not depend on the
order of vertices of (T , v). Denote the spectral radius ofC(T ,v) by ρ(T ,v). Let us recall
that, if (T , v) is not Dynkin, ρ(T ,v) is an eigenvalue, and thus the largest (positive
real) root of the Coxeter polynomial.
Finally, let us collect a few known results which will be repeatedly used in the
course of our arguments.
Proposition 1.1 (Perron–Frobenius; see e.g. [6]). Let A = (aij ) be the (n× n) adja-
cency matrix of a connected valued tree (T , v). Then
min
i
n∑
j=1
aij  λ(T ,v)  max
i
n∑
j=1
aij .
Proposition 1.2 (see e.g. [1] or [2]). Let (T , v) be a valued tree which is not Dynkin.
Then there is a real number r  1 such that
λ(T ,v) = r + r−1 and ρ(T ,v) = r2.
Applying these two propositions, one obtains immediately the following compar-
ison.
Proposition 1.3. Let (′, v′), which is neither Dynkin nor Euclidean, be a valued
subtree of (′′, v′′). Then λ(′,v′) < λ(′′,v′′), and thus
ρ(′,v′) < ρ(′′,v′′).
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Here a subgraph is defined by V′ ⊆ V′′ , and for all i, j ∈ ′, {i, j} ∈ E′ if and
only if {i, j} ∈ E′′ , and v′ij  v′′ij .
Proposition 1.4 [11]. Let v′ and v′′ be two valuations of a tree T such that
v′ij · v′ji = v′′ij · v′′ji for all edges i• j•.
Then
ρ(T ,v′) = ρ(T ,v′′).
Proposition 1.5 [8]. Let T be a wild tree and i, j two branching vertices which
are not neighbours such that the path π(i, j) from i to j does not contain another
branching vertex. Denote by T the tree obtained from T by replacing π(i, j) = (i =
i1, i2, . . . , il+1 = j) by a shorter path π¯(i, j) = (i1 = j1, j2, . . . , jl¯+1 = j), where
0 < l¯ < l (i.e. “discarding” some internal vertices of π(i, j)). Then
λT < λT .
2. Bounds
Given a (connected) tree T define the following two operations to arrive at a valued
tree (T , v¯) of the same width w for which
λT  λ(T ,v¯).
The first operation consists of constructing a new tree T (of which T is a subtree)
in the following way: Choose a path (i0, i1, . . . , il) of maximal length. Define the
tree T1 by adding (if necessary) additional edges (and thus additional vertices) to T
so that d(i1) = d. Then denote by S1 the set of all vertices T1 whose distance from
i0 equals to 2, and as before, add (if necessary) additional edges so that d(x) = d for
all vertices x from S1. Denote the resulting tree by T2. Now, continue this process
inductively for St , t = 1, 2, . . . , l − 2 to obtain the graph Tl−1. Thus, the vertex i0
and all vertices, whose distance from i0 equals to l, are end points of Tl−1 while all
the remaining vertices have degree d. Finally, denote by T the tree
where T ′l−1 and T ′′l−1 are two copies of Tl−1. Clearly, if T is neither Dynkin nor
Euclidean, then by Proposition 1.3,
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λT  λT .
In order to describe the second construction, let us formulate a lemma which is
fundamental for our recursive arguments.
Lemma 2.1. Let (T ′, v′; i′) and (T ′′, v′′; i′′) be arbitrary valued (connected) trees
with specified vertices i′ ∈ VT ′ and i′′ ∈ VT ′′ . Denote by (T , v) the valued tree which
contains, as disjoint subtrees, a copy of the tree (T ′, v′; i′) and h copies labelled
(T ′′t , v′′t ; i′′t ), of the tree (T ′′, v′′; i′′), together with h additional edges i
′
• i
′′
t• , 1 
t  h. Furthermore, denote by (Tˆ , vˆ) the valued tree which contains disjoint copies of
the trees (T ′, v′; i′) and (T ′′, v′′; i′′) together with a valued edge i′• (h,1) i′′• . Then
Spec(T , v) = Spec(Tˆ , vˆ) ∪ Spec(T ′′, v′′)
and
λ(T ,v) = λ(Tˆ ,vˆ).
Proof. Since the positive integers fi in the definition of a valued graph are deter-
mined only up to a multiple, it is easy to see that both v and vˆ satisfy the conditions
for valuation of edges: In the case vˆ takes the hf ′′i -multiple of all f’s for v′ and the
f ′i -multiple of all f’s for v′′.
Let A′ be the n′ × n′ adjacency matrix of (T ′, v′) with respect to an order of
vertices starting with i′ and A′′ the n′′ × n′′ adjacency matrix of (T ′′, v′′) with respect
to an order of vertices starting with i′′. Furthermore, denote by E = (ers) the n′ × n′′
matrix, where e11 = 1 and ers = 0, otherwise, by F the transpose of E and by In
the n× n identity matrix. Then the (n′ + hn′′)× (n′ + hn′′) adjacency matrix A of
(T , v) has the (block) form
A =


A′ E E E . . . E E
F A′′ 0 0 . . . 0 0
F 0 A′′ 0 . . . 0 0
...
...
.
.
.
.
.
.
.
.
.
...
...
...
...
.
.
.
.
.
.
.
.
.
...
...
F 0 0 0 . . . A′′ 0
F 0 0 0 . . . 0 A′′


.
Similarly, the (n′ + n′′)× (n′ + n′′) adjacency matrix of Aˆ of (Tˆ , vˆ) has the form
Aˆ =
(
A′ hE
F A′′
)
.
Finally, denoting by T the (n′ + hn′′)× (n′ + hn′′) matrix
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T =


In′ 0 0 0 . . . 0 0
0 In′′ 0 0 . . . 0 0
0 In′′ In′′ 0 . . . 0 0
...
...
...
.
.
.
...
...
0 In′′ 0 0 . . . 0 0
0 In′′ 0 0 . . . In′′ −In′′
0 In′′ −In′′ −In′′ . . . −In′′ In′′


,
we check easily that
AT = T (Aˆ× (h− 1)A′′) = T


Aˆ 0 . . . 0
0 A′′ . . . 0
...
...
.
.
.
...
0 0 . . . A′′

 .
Hence the characteristic polynomials satisfy
χ(T ,v) = χ(Tˆ ,vˆ) · χh−1(T ′′,v′′).
Here (T ′′, v′′) is a subgraph of (Tˆ , vˆ), and so the conclusion of Lemma 2.1 follows
by Proposition 1.3. 
To start the second construction, keep the notation of the first construction; thus
(i0, i1, . . . , il) is a path of Tl−1 of maximal length. Take
(T ′, v′; i′) = ({i0}; i0), (T ′′, v′′; i′′) = (T (1); i1),
where T (1) = Tl−1 \ {i0} (i.e. the subtree of Tl−1 of all vertices of distance  1) and
apply Lemma 2.1 with h = 2. Denoting by (T˜1, v˜1) the valued tree
we have
λT  λT = λ(T˜1,v˜1).
Noting that d(i2) = dT = d, apply Lemma 2.1 again to (T ′, v′; i′) = ( i0• (2,1) i1• ; i1),
(T ′′, v′′; i′′) = (T (2); i2), where T (2) is the subtree of T (1) of all vertices connected
with i1 by a (unique) path passing through the vertex i2, and h = d . Then, denoting
by (T˜2, v˜2) the valued tree
we have
λT  λT = λ(T˜2,v˜2).
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Continuing this process recursively, we arrive at the valued tree (T˜ , v˜) = (T˜l, v˜l )
i0• (2,1) i1• (d−1,1) i2• . . . il−1• (d−1,1) il•
and the inequality
λT  λT = λ(T˜ ,v˜).
Now we can formulate the following result.
Theorem 2.2. Let T be a (connected) tree which is neither of Dynkin nor of Euclid-
ean type and ρT be the spectral radius of a Coxeter transformation of T . Then
ρT  2d − 3 +
√
(d − 1)(d − 2) < 4d − 6.
Proof. By the above two constructions, we obtain a valued tree (T˜ , v˜) with λT 
λ
(T˜ ,v˜). Observe that the characteristic polynomial of the adjacency matrix of (T˜ , v˜)
and the characteristic polynomial of the (l + 1)× (l + 1) matrix
M˜ =


0
√
2 0 0 . . . 0√
2 0
√
d − 1 0 . . . 0
0
√
d − 1 0 √d − 1 . . . 0
... . . .
.
.
.
.
.
.
.
.
.
...
0 . . . . . .
√
d − 1 0 √d − 1
0 . . . . . . 0
√
d − 1 0


are the same. This follows immediately from the following simple observation: Given
two (l − 1)-tuples a = (a2, a3, . . . , al) and b = (b2, b3, . . . , bl), the coefficients of
the characteristic polynomial of the n× n matrix M(a, b) = (xij ), where xt,t+1 =
at+1, xt+1,t = bt+1 for 1  t  b − 1 and xij = 0 otherwise, are functions of the
products aibi, 2  i  l.
Consequently, the spectral radius λ
M˜
of the matrix M˜ satisfies the inequality
λT  λM¯,
and thus, by Proposition 1.1, λT  2
√
d − 1 (see also [7]). Thus, using Proposi-
tion 1.2 we get √ρT + 1√ρT  2
√
d − 1. Analyzing the function f (x) = √x + 1√
x
(x > 0) we can easily see that ρT  2d − 3 + 2√(d − 1)(d − 2) < 4d − 6. 
Remark 2.3. Define, for a vertex i of a valued tree (T , v), the valued degree d¯(i)
of i by
d¯(i) =
∑
j∈VT
vij ;
furthermore, let the valued degree d¯ = d¯(T ,v) of (T , v) be the maximum of the de-
grees d¯(i), i ∈ VT . Then, using repeatedly Lemma 2.1, we can derive the same
upper bound for a Coxeter transformation of (T , v) as in Theorem 2.2:
150 V. Dlab, P. Lakatos / Linear Algebra and its Applications 365 (2003) 143–153
ρ(T ,v)  2d¯ − 3 + 2
√
(d¯ − 1)(d¯ − 2) < 4d¯ − 6.
Indeed, given (T , v) we can construct (using Lemma 2.1) a tree T such that dT =
d¯(T ,v) and
λT = λ(T ,v).
Then, we follow the proof of Theorem 2.2. In order to construct T , we can proceed
as follows: First, order the set V(T ,v) =
{
i1, i2, . . . , in
}
of all vertices of (T , v) in
such a way that, for each 1  t  n− 1, it is an end vertex of the (valued) subgraph
over the set of vertices
{
it , it+1, . . . , in
}
with induced valuation.
Furthermore, for each (uniquely determined!) edge
it• (vit is ,vis it ) is• (s  t + 1)
change the valuation to
it• (1,v
∗
is it
) is•,
where v∗is it = vit is · vis it . Denote the resulting valued graph by (T , v∗). By Proposi-
tion 1.4,
ρ(T ,v) = ρ(T ,v∗).
Now, proceed inductively, applying in each step Lemma 2.1, to construct a tree T
such that VT ⊇ V(T ,v∗), dT (i) = d¯(i) for each i ∈ V(T ,v∗) and dT = d¯(T ,v). Finally,
ρ(T , v∗)  2dT¯ − 3 + 2
√
(dT¯ − 1)(dT¯ − 2) < 4dT¯ − 6, thus
ρ(T , v∗)  2d¯(T ,v) − 3 + 2
√
(d¯(T ,v) − 1)(d¯(T ,v) − 2) < 4d¯(T ,v) − 6. 
We can also provide a general lower bound for the spectral radii ρT of trees which
are neither Dynkin nor Euclidean. Following the notation of [9], denote the star with
d rays of length l1, l2, . . . , ld by [l1,l2,...,ld ].
Theorem 2.4. Let T /= [1,1,...,1] be a (connected) tree whose degree dT > 5. Then
ρT > d − 2110 .
Proof. Clearly, such a tree T contains a wild star S = [2,1,1,...,1] (with d rays of
length 2, 1, . . . , 1), in which case ρS is the largest positive root of the polynomial
f (x) = x4 − (d − 3)x3 − (d − 3)x2 − (d − 3)x + 1.
Now, f (d − 2) = (d − 1) > 0. On the other hand,
f
(
d − 21
10
)
= −10−4(1000d3 − 5300d2 + 30d + 4049),
and thus f (d − 2110 ) < 0 for d > 5. 
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Remark 2.5. Of course, for the wild star Sd = [1,1,...,1] (i.e. d > 5), ρSd = 1/2 ·
(d − 2 +√d · (d − 4)) and thus {d − ρSd | d = 1, 2, . . .} is a decreasing sequence
with
lim
d→∞(d − ρSd ) = 2.
It follows that ρSd > d − (2 + 10−h) for d > 10h + 2. Let us also point out
that with the exception of S4, S5 and the stars S′ = [2,1,1,1], S′′ = [3,1,1,1] and
S′′′ = [2,1,1,1,1] whose spectral radii are, respectively, ρS′ ≈ 1, 722083806, ρS′′ ≈
1, 883203506 and ρS′′′ ≈ 2, 890053638, the lower bound ρT > d − (2 + 10−1) of
Theorem 2.4 holds for all trees T with dT = 4 or 5.
Let us conclude this section with two results concerning particular types of (con-
nected) trees of degree d.
Theorem 2.6
(i) Let T be a wild tree with two branching vertices. Assume that these vertices are
not neighbours. Then
ρT < d.
(ii) Let T be a tree such that any path of it contains at most three branching vertices.
Then
ρT < 2d − 52 .
Proof. In order to prove (i), we apply (if needed) Proposition 1.5 (to reduce the
distance between the branching vertices to 2) and the two operations described in this
section to show that the spectral radius ρT of the tree T is bounded by the spectral
radius ρ(k) of the following (valued) graph
(k) = 1• (2,1) 2• (d−1,1) 3• 4• . . . k−1• k•.
Now, by Proposition 1.3, the spectral radius ρ(k) is obviously an increasing function
of k. Moreover, by Lemma 2.3 of [9], lim(k)→∞ ρ(C(k)) = α is equal to the larg-
est positive root of the difference χ(4) − χ(3) of the respective characteristic poly-
nomials. It is easy to see that χ(4)(x) = x4 + (2− d)x3 + (4− 2d)x2 + (2− d)x +
1 and χ(3)(x) = x3 + (2 − d)x2 + (2 − d)x + 1. Thus, the limit α is the largest
root of x2 + (1 − d)x + (2 − d)which is obviously smaller than d and consequently,
ρT < α < d.
In order to prove (ii), we proceed as follows. Consider the tree T as a subtree of a
connected tree T of the form
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where i0, i1, . . . , id are the only branching vertices of T , π1, π2, . . . , πd are the con-
necting paths and each of T1 = T2 = · · · Td consists of d − 1 copies of paths of the
same (suitable) length connected to i1, i2, . . . , id , respectively. Thus, by Proposition
1.3, ρT  ρT . Furthermore, if needed, apply Proposition 1.5 to see that ρT  ρT˜ ,
where T˜ is the tree obtained from T by reducing all paths πt to the single edges
i0• it• for t = 1, 2, . . . , d. Proceeding as in the above part (i), we can, first, estab-
lish that the spectral radius ρT of the tree T is bounded by limk→∞ ρ(k) = β, where
ρ(k) is the spectral radius of the following (valued) graph
(k) = 1• (d,1) 2• (d−1,1) 3• . . . k−1• k•,
and secondly, using again Lemma 2.3 of [9], show that β is equal to the largest posi-
tive root of the difference χ(4) − χ(3) of the respective characteristic polynomials.
Again, one can easily calculate that χ(4)(x) = x4 + (4 − 2d)x3 + (6 − 3d)x2 +
(4 − 2d)x + 1 and χ(3)(x) = x3 + (4 − 2d)x2 + (4 − 2d)x + 1, and thus β is the
largest root of x2 + (3 − 2d)x + (2 − d), which is obviously smaller than 2d − 52 .
We conclude that
ρT < β < 2d − 52 . 
Remark 2.7. Observe that the case (ii) of Theorem 2.6 provides an upper bound
for the wild tree having only two branching vertices (even in the case that they are
neighbours).
Remark 2.8. The following example shows that a tree described in (i) of Theorem
2.6 can have the spectral radius greater than d − 12 . Consider the connected tree T
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where i1 and i2 are the only branching vertices (of degree 4) and T1 = T2 are three
copies of path of length 2 connected to i1 and i2, respectively. Then the Coxeter
polynomial of T is
(x4 − 3x3 − x2 − 3x + 1)(x4 − x3 − x2 − x + 1)(x2 + 1)4(x + 1)5
and ρT = 3.506068056.
Let us also illustrate that the bound d established in (i) of Theorem 2.6 is no longer
valid when the branching vertices are neighbours. Consider the (connected) tree T
where i1 and i2 are the only branching vertices (of degree 5) and T1 = T2 are four
copies of path of length 1 connected to i1 and i2, respectively. Then the Coxeter
polynomial of T is
(x6 − 5x5 − 2x4 + 7x3 − 2x2 − 5x + 1)(x2 + x + 1)6
and ρT = 5.145841290.
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